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5_j , Abstract. In this paper, we prove a positive mass theorem and Penrose- 

^Li' type inequahty of the Gauss-Bonnet-Chern mass m2 for the graphic 

•^r I manifold with flat normal bundle. 

(N 



1. Introduction 



A complete manifold {M"',g) is said to be asymptotically flat of order r 

if there is a compact set K such that M \K is diffeomorphic to M" \ Bfi{0) 

1^ . for some R > such that in this coordinate chart, the metric gij{x) satisifes 

\aij\ + |x||9fcO-ij| + \x\'^\dkdiaij\ = 0{\x\^^). 

The ADM mass was introduced by Arnowitt, Deser and Misner [1] for 
asymptotically flat manifold. 

in ■ "^1 = "T-^DAf := 7^7 T^; lim / i9ij,i - 9ii,j)^jdS, (1.1) 

^; 2{n - l)ujn-i r^°° J s^ 

T-h I where con-i is the area of the standard (n — 1) dimensional unit sphere, Sr 

O ' is the Euclidean coordinate sphere, dS is the volume element on Sr induced 

^^ I by the Euclidean metric and v = r~^x is the outward normal of Sr in M". 

Bartnik [2] proved that the ADM mass is well-defined and is a geometric 

invariant for asymptotically flat manifold provided the order r > ^^^. 

^ I The positive mass theorem and Penrose inequality for ADM mass are 

H ■ two important results in differential geometry and general relativity. The 

- - - positive mass theorem states that the ADM mass is nonnegative on any 

asymptotically flat manifold with order r > ^^^ and with nonnegative scalar 
curvature, which was proved by Schoen-Yau |22[ [23] for 3 < n < 7, Schoen- 
Yau [24] for conformally flat manifold, Witten [25] for spin manifold. Lam 
|19j for codimension one graphic manifold and Mirandola-Vitorio [21] for ar- 
bitrary codimension graphic manifold with flat normal bundle. The Penrose 
inequality can be viewed as a generalization of the positive mass theorem 
in the presence of an area minimizing horizon. When the asymptotically 
flat manifold has nonnegative scalar curvature and has order r > ■^^^, the 
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2 HAIZHONG LI, YONG WEI, AND CHANGWEI XIONG 

Penrose inequality gives the lower bound for the ADM mass of M in terms 
of the area of the horizon S, precisely 

1 ISI n-2 

I IjJn-l 

The equality holds if and only if M is isometric to the Schwarzschild metric. 
The Penrose inequality was proved by Huisken-Ilmanen [ISj for n = 3 and 
S is connected by using inverse mean curvature flow, Bray [3] for n = 3 
and S has multiple components by using conformal flow, Bray-Lee [3] for 

3 < n < 7, with the extra requirement that M is spin for the rigidity 
statement. Lam |T9] also proved the Penrose inequality for codimension 
one graphic manifold. See also [HI [T71 [U [9] for related work. Recently, 
Mirandola-Vitorio generalized Lam's result to arbitrary codimension graph 
with flat normal bundle. The readers can refer to |5l |20j for surveys on the 
the positive mass theorem and Penrose inequality. 

Recall that the tensor Pi given by 

^^' = ^(5^-5^=) 

is closely related to the scalar curvature R. In fact, we have R = P^^ Rijki- 
By using the tensor Pi, one can also define a mass (see |12j). which is just 
the ADM mass with a slightly different but equivalent form 

mi =- lim / Pl^'^'digjki'idS 

=7^7 \-, lim / {g'^d^gjk - g^'^d^g^k^idS. (L2) 

2(n - l)a;„__i r->oo 7_5^ 

Recently, Ge-Wang-Wu [12] introduced a new mass, which they called 
Gauss-Bonnect-Chern mass rn-2, by using the tensor P2 (in the following, we 
will write P2 as P for simplicity). 

Recall that the second Gauss-Bonnet curvature L2 satisfies L2 = P2 Rijki- 

Definition 1 (|12)). Let n > 5. Suppose {M"',g) is an asymptotically flat 
manifold of decay order r > ■^^^, and the second Gauss-Bonnet curvature 
given by L2 = P^^^^Rijki is integrable. Then the second Gauss-Bonnet- 
Chern mass m2 is defined as 

m2{g) = C2{n) lim / P'^'^'dig^kudS, (L4) 

where C2(tl) = tti — ttt — ^rn — 51 • 

^^ ' 2(n— l)(rt— 2)(n— 3)aJn-i 

In the same paper [12j, Ge-Wang-Wu proved that m,2 is well-defined and is 
a geometric invariant provided (M, g) is asymptotically flat of order r > -^^y^- 
Then they asked the following natural question: 
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Question 1 ([12j). Is the mass m2 nonnegative when the Gauss-Bonnet 
curvature L2 is nonnegative? Does the Penrose inequality for m2 also hold? 



In [12], Ge-Wang-Wu give an afHrmative answer to these questions for 
codimension one graphic manifolds. In the second paper, Ge-Wang-Wu |14j 
answer the questions for conformally flat manifolds. 

Inspired by Mirandola-Vitorio's new paper [21j, we now consider the pos- 
itive mass theorem and Penrose inequality of m2 for arbitrary codimension 
graphic manifold. To state our theorems, we first give the following defini- 
tion. 

Definition 2. Let / : M" -> M™ be a smooth map and let ftJfjJtjk 
denote the first, second and third derivatives of /, where 1 < i,j,k < n and 
1 < a < m. /is called asymptotically flat of order r if 

|/r(x)| + |/g(x)||rr| + |/°,(x)||xp = 0(|x|~^/2) 

at infinity for some t > (n — 4)/3. 

Since the induced metric on the graph M = {{x,f{x))\x G M"} (see 
section 2 for detail) is gij = 5ij + fff^. We can easily check that M is 
asymptotically flat of order r. 

Theorem 1 (Positive mass theorem). Let M" C M""^™ he the graph of 
an asymptotically flat map f : M" — )• M™ endowed with the natural metric. 
Then the second Gauss-Bonnet- Chern mass m2 of M is equal to 

If 1 

"^2(5) = -C2(n) / {L2 + L2)—r=dnM, (1-5) 

where L2 is defined by (I3.14|) and it vanishes provided that M has flat normal 
bundle. In particular, if M has flat normal bundle and nonnegative L2 
curvature, then m2 is nonnegative. 

The second part of this paper considers the Penrose inequality for m2 in 
the graphic case. We consider asymptotically flat manifold containing an 
area outer minimizing horizon. A horizon is simply a minimal surface, which 
is area outer minimizing if every other surface enclosing it has greater area. 
We have 

Theorem 2. Let Q. C M" be a bounded open subset with Lipschitz boundary 
dVt. Let f : M"' \ fi — )• M"* be an asymptotically flat map. Assume that f is 
constant along each connected component of T, = d^. Let M be the graph 
of f with its natural metric. Then 

m2 = -C2{n) / (L2 + L^)^=d//M + 3c2(n) / { .^..^ fH^diij^, 
^ Jm VG Js 1 + l^/l 

where l-D/P = |-D/^P + • • • + \Df^\'^ and H^ is the 3-th mean curvature of 
the hypersurface S in M" . 
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If S is in the level set of /, then T, can be identified with its graph 
{{x,f{x))\x G Ti}. Then the mean curvature H of /(S) in {M,g) and the 
mean curvature H oi T, in M" are related by (see section 4) 

Vi + I^/P 

Therefore if \Df{x)\ — )• oo as x — >• S = dil., the graph of S is a horizon in 
{M,g). 

Theorem 3. Let Q C M" be an open subset. Let f : W\Q ^ W^ be 
a continuous map that is constant along each connected component of the 
boundary E = dfl and asymptotically flat in M" \ J7. Assume that the graph 
M of f extends C^ to its boundary dM. Assume further that along each 
connected component Sj of dM , the manifold M is tangent to the cylinder 
T, X li, where li is a straight line ofW^. Then 

m2 = -C2(n) / (L2 + L2)^=dnM + 3c2(n) / Hsdni:, 
^ Jm yG J-E 

where H-^ is the 3-th mean curvature of the embedding S in M". 

The proof of Theorem[3]is just by checking \Df{x)\ — t- 00 as x — )• S. 

A hypersurface S C M" is called 3-convex if its mean curvature H, 2- 
th mean curvature H2 and 3-th mean curvature H3 are positive on S. As 
in [IHl [T2I [T71 [21], by applying the Alexandrov-Fenchel inequality due to 
Guan-Li [15] to Theorem [3l we conclude that 

Theorem 4 (Penrose inequality). Under the hypothesis of Theorem\^ and 
we assume that M has nonnegative L2 and flat normal bundle. If each 
connected component of the boundary S = dil. is 3-convex and star-shaped, 
then 

1 ISI n-4 

m2>-{^^)^^. (1.6) 

4 Wn-l 

Moreover, the equality implies L2 vanishes identically on M and T, is a 
sphere. 

The rest of this paper is organized as follows. In section 2, we give some 
notations and basic formulas. In section 3, we first prove proposition [7] 
which is the key ingredient to prove our main theorems. The crucial step 
of proving proposition [7] is checking that ^L^ can be represented as normal 
curvature terms. In the sections 4 and 5, we will use the similar idea of Ge- 
Wang-Wu [I2j to complete the proof of positive mass theorem and Penrose 
inequality for m2. In the last section, we give a generalization of Ge-Wang- 
Wu's (13] result on Positive mass theorem and Penrose inequality in the 
Einstein-Gauss-Bonnet gravity to arbitrary codimension graph. 
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2. Preliminaries 

Recall that on a complete Riemannian manifold (M, g), the Gauss-Bonnet 
curvature L2 is defined as 

L2 = P'^'^'Rijki, (2.1) 

where the (0,4) tensor P is given by (|1.3p . Note that P has the same 
symmetric property as the Riemannian curvature tensor, i.e., 

pijkl pjikl jyijlk pklij fey qN 

P also satisfies the divergence- free property (cf. [121 [7|), i.e., 

y^pijkl ^ y .pijkl ^ y^ptjkl ^ y^pijkl ^ Q (2.3) 

We now suppose M = {(x, /(x))|x G M"} is the graph of a smooth asymp- 
totically fiat map / : R" — )• M™. The vectors di = {ei,f^ea) are tangential 
and the vectors r/" = (—!)/", e^) are normal to M. In this paper, we will 
use the convention on the indices: 

^ 1^ hj,k,l,- • • < n and 1 < q,/3,7, //, z/, • • • < tti. 

The induced metric on M is 

9^J=S^J+ftf^. 

We will denote the matrix U by (cf.[21]) 
with the inverse matrix U"^ . Then 

Denote /", a = 1, • • • ,m the components of /. The gradient of /" : M — t- M 
is 

The shape operator A" with respect to r/" 

A^di = -{Va^rV = aa^'dj. (2.4) 

Therefore 

{A^^d,,A'^d,)=g'yjifl and fg = {A"d,,dk). (2.5) 

The shape operator is symmetric: 

{A'^X, Y) = {X, A'^Y), l<a<m (2.6) 

for any tangent X,Y. The second fundamental form 

Bidi, dj) = {A'^d,, dj)U''^7]^ = ftjU'^^rj^. (2.7) 
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Lemma 5. The curvature tensor RijM, the Gauss-Bonnet curvature L2 and 



the Christoffel symbols Tf- have the following expressions: 



Rijki —U" ifikfji ~ fiifjk)^ 

rk ttc^^ fct ffi 
ij —'-^ Jk Jij- 

Proof. By Gauss equation, we have 

Rijki ={B{dr,dk),B{dj,di)) - {B{^^,^l),B{^J,^k)) 

TTaf}/ ra j:I3 fa fP \ 

— "^ \likljl~ lilJjkl- 

The Gauss-Bonnet curvature L2 

L2 = p'^'^'R^.ki =p''''u''^iftk4 - ^^4) 

=2P'''''U''^ftk4- 
By the definition of Vf, , 

=iSki - fDfu''^)fif7 

_ f 7 f 7 _ fa f^ f-y ffirjafi 
—JijJk -Ik JijJl J I ^ 

= 11,12- fkfl,{^a,-U^'') 

=fkfiu^''- 

D 

The commutation of shape operators gives the normal curvature operator 
R^^ : TM -^ TM, 

R^p{X) =(A^A" - A'^AP)X. (2.8) 

Thus, 

{Rip{X), Y) ={{APA'^ - A^AP)X, Y) 

={A'^X,A^Y) - {A^X^A^'Y) 

for any tangent X, Y and any 1 < a, /3 < m. The Ricci operator Re : TM — )■ 
TM is given by 

{Rc{X),Y) =Ric{X,Y), (2.9) 

which is symmetric in X and Y . We have the following lemma about the 
commutation of the Ricci operator Re and shape operator A". 
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Lemma 6. The Ricci operator Re and shape operator A^ commutes as 
following: 

A^Rc - RcA" = U^'%{TrA^')Rj;^ + R^^A'^ + At'R^^). (2.10) 

Proof. By (j2.8p and the definition of Ricci operator, we have 

A'^Rc - RcA"" =Uf'' (^"((TrA^)^'^ - A^'A'') - {{TrA^')A'' - Af'A'')A'^) 
=U^'''TrAi'{A''A'' - A'' A"") + U^"'{A^'A'' A"" - A'^A'^A") 

=Uf"'{TrA^')R^^ + U^"" Uf^iA^A" + R^^) - A^Ai'A'' 
=U'^'^{TrAnRL + U'-'iRa.A'' + A>^R^,), 
which gives the commutation formula (j2.10p . D 

In the rest of the paper, we will denote the right-hand side of (|2.10p by 



3. Positive mass theorem for m2 

We first prove the following proposition, which is a key ingredient for 
proving our theorems. 



Proposition 7. 



d,{P'^'''dig,k)=lL2 + hi, (3.1) 



where L2 can be expressed as some normal curvature terms (see (j3.14p for 
the explicit expression). In particular, when the graph M of f has flat normal 
bundle, we have 

d,{P''''dig,k) =\l2. (3.2) 

Remark 3.1. The equation ()3.2p was shown by Ge-Wang-Wu in |121 lemma 
4.3] for the hypersurface graph case, i.e., / : M*^ — )• M and M = {{x, f{x))\x G 
M""} is a hypersurface in R"""*"^. Equation (j3.2p was the key ingredient to show 
the positive mass theorem for m,2 in the hypersurface graph case. 

Proof. 

^^{P'''^'^lg,k) =d,P'^^'dig,k + P'"''d,digjk. 

By the symmetric property (12.20 of p*-?'^', the second term is equal to: 



P'''%dig,k =P'"''{ftjifk + ffia + ffJki + fffkii) 

=P'"''fj'iftk- (3.3) 
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nikl 



By the divergence- free property (12. 3p of p*-?*^' and (|2.2|) . the first term: 

= {y^pioki _ psJkiYl _ piski-pi^ _ pii^'r^^ _ pij>'^rl)digjk 
= - P'^''{rldi9jk + rt,dig,s + nd,g,k) 

= - p'^^' {vwfif^ + ffm) + TUffiff + ffffi) + niffsfk + fffks. 

r>ijkl (T^s fa fa i^ t-is fa fa i^ -ps fa fa\ 

— ~^ K^ikJjlJs + '-isJjlJk + ^ilJjsJk) 

=1 + 11 



where 



T -Tfijklj^s fa fa 

J^ — — r i ikJjiJs 



}jU 

II = -P'^^\TtJfJ^ + VlJfJ^) 
We will first calculate /: 

/ = - P'^'^riju 



Thus we have 

where 

1 

2 



JUS 

. _ pijkljjP-y ^0 ^7 fa j-a 
.pijklj^ja^P^j^jP^jjfa^ 

-.p^^^iflff^iU-^-5^,) 

--P'^'^'flffiU'^^ - P''''ftkfjl 

-h^ - P'^^'ftkffi- (3.4) 



^^{P"^'''^lgjk)=\L2 + \Li (3.5) 



Li = ii = - p'i^\Tiffj^ + vyfj^ 



=P'''\U^V^f]sfafk - U^V!flffsfk) 

=P''''U^y^fkif]sfu - Qffs)- (3.6) 

For simplicity, we denote 

=f^ {{AW„VP){A»d^,di) - {A"d„VP){AW,,di)) . (3.7) 

Note that in general, Tjj^.^ has no symmetric property. In the following five 
lemmas, we will calculate 2-^2 ~ P^ Tijki explicitly. Recall that 

pijkl ^ pijkl ^ pjkgil _ pjlgik _ J^ikgjl ^ pilgjk ^ ipl^gikgjl _ gilgjky 

In the following calculation, we will use (J2.6p . (|2.8p . (j2.9p and (j2.10p many 
times. 
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Lemma 8. We have 

=[/'-( (^'^(^'^i?^^ + R^^A^ - R^^A^) + TriA"A^')R^J^ V/", VD 

(3.8) 

Proof. From lemma O we get 
We have 

= U>^>^gnkghljjPyP^J^^^Q^^^UQ^^ (^"a,, A^a„) - {A''ds,A''dh){A^duA^d„ 



=U>"'g^^({A'^VP,A''dh){A''di,A''Vf'') - {A'^VP,A''^h){A■y^l,A^'Vf'' 

=jjt^y UA'^ A" A"<V p , Af'Vp) - {A^ A" A^'V p , A^'V pU (3.9) 

Further more, the commutation of shape operator gives the normal curvature 
terms. 

{A''A''A^Vp,Af'Vp) - {A^'A''A''Vp,Af'Vp) 

=((A'^A" + R-l;^)A^Vp, Af'Vp) 

- {{A^Af + R^^)A'^VP, At'VP) 

={iA'^R^^ + R^^A^ - R^^A^)VP, A>^VP) 

We conclude that the quantity (|3.9|) is equal to 

([32]) ={u^^-A^' (A'^R^a + RL^^ " ^^7^") V^ , V/"). 
Finally 

=U^'''9'"'9'''U^y^fk ({AWi,A''dh){A''ds,A^dn) - {A''di,A^'dh){AW,, A'^dn 



=U^'-gh^{A^duA^'dh){A''yP,A^VP) - {A^duA>'dh){A^yP,A^VP 

=U^'''g''\A''duA^'dh) i{A^Vp,A''Vp) - {A^V p , A^V p)) 
=U^^-Tr{A^A^){R^,iyp),Vp). 

D 
Lemma 9. We have 

R"'9'%ki ={{TrA'')T^VP,VP). (3.10) 
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Proof. Recall 

=W^f'^ {{A^VP, dj)TrA" - {A'^V P , dj)TrA"<) 
=TrA''{{A''Vp,Rc{Vp)) - {A''Vp,Rc{Vp))) 
=TrA'^ {{Vp,A^Rc{Vp)) - {Vp, A''Rc{Vp))) 

=TrA'^ ({Vp,RcA'^{Vp) + T^Vp) - {V p , A^ RciV p)) 

=TrA''{VP,T;^VP). 



D 



R''9'%ki = -{{ RcR^^ + T^A^ + A^T^ VP, VP). (3.11) 



Lemma 10. We have 

Proof. 

R^' 9^ Tijki 
=R^^{{A"'VP,dj){A-VP,di) - {A''VP,d,){A^VP,di)) 
={A''Vp,RcA^{Vf^)) - {A^Vp,RcA''{Vf^)) 
={Vp,A''RcA"'{Vp)) - {RcA''Vp,A''Vf"') 
={VP,{RcA^ + T^)A\Vf^)) 
- {{A^Rc - T^)Vp, A'^Vf^) 
={RcVP,R^^Vf^) + {VP,T^A^{Vf^)) + {p^VP,A-VP 



a 



Lemma 11. We have 

-R'^g^^.M = - {RcR^^VP, Vr). (3.12) 

Proof. 

R^ 5"' Tijki 
=R''f^ {{A-'VP, A^di) - {A^VP, A^d,)) 
=R'^f^{{A'^A"< - A"<A'')Vp,di) 
={R^^VP,RciVfn) 
={RcR^^VP,VP). 



D 



Lemma 12. We have 

'-ijkl 



R^lg^'^ + ^R{g^^gll-g^lg3'^)\T,, 



-R{R^^{Vfn,Vf^). (3.13) 



2 
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Proof of lemma [23 We calculate as following: 
d'^ Tijki 

={A^di,di) ((A"(vr), vD - (A-(vr),vr)) 

=0, 
and 

=g^'{{A"'d„Vf"'){A-{Vf^),di) - {A^d„Vf'^){A^{Vf-),di)) 

=(^°(vr),yi^(vr)) - (^^(vr), A"(vr)) 
=(i?i^(vr),vr). 

Then the lemma follows easily. D 

Finally, from lemma [5] to lemma [T^ we get that 

hi =U'^''{^A^{A''R^^ + R^^A" - R^^Ar) + TriA^A^R^,) V/" , VD 



+ ((rr^°)T|vr,vr) + ii?(iii^(vr), vr). (s.m) 

We complete the proof of Proposition [71 D 

Rem.ark 3.2. From the above proof, we can also derive that 

5.(Pp'9z5,fc) = ^«+ V, (3.15) 

where i2^ = (i?i^(Vn,Vr). 

Proof of Theorem, Ui From proposition [7| and the divergence theorem, we 
have 



7712 = lim C2(n) / P'^^^diQjki^idSr 
=C2(n) / di{P'^''^digjk)dfMRr. 

=^ / {L2 + Li)dm- 



2 
The last equality is due to the fact that 



VCx 
where G is the determinant of the metric {gij ) . D 



12 haizhong li, yong wei, and changwei xiong 

4. The proof of Theorem [2] 

The proof of Theorem [2] is similar as in [12j with a shght modification. 
For convenience of readers, we give a complete proof. By the equation (|3.ip . 
integrating by parts gives that 



m2 = -C2(n) / (-L2 + L2)^=dfiM - C2(n) / P'^'^^digjki^idfiY; 
^ JM VC Je 

^ Jm yG Jt, 



where v is the inward normal of E. 

By assumption each connected component of S is a level set of f"^, we 
know that in S 

Dr = {Dr,u)u. 

Thus if we rotate the coordinates such that v = — ei at a given point in 
E, then at that point there hold 

r = and r, = Aat\Dn = ^„,|/f |, (4.1) 

where Aab is the second fundamental form of the isometric embedding (E, h) 
into the Euclidean space M" with h the induced metric on E. In this sec- 
tion, we use the convention that {a, 5, c, • • • } stand for {2, 3, • • • , n} and 
{j. A;, /, • • • } stand for {1, 2, • • • , n}. 

Moreover, the nonzero components of the metric g of M are 

911 = 1 + |o/l^ So- = 1, 

Using the expression of P'^i^^ ^ we have 






+ R^'g^'^f^^f^v, + ^R{g''g^' - g''g'^)ftjf>i 



2 

--I + II + III + IV + V + VI. 
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Now we calculate these six terms as follows. 

)lalb ra ra,, jjlalb a / ra\2 jjlalb 






1 + |D/|2' 
{2R''f^i + R-'Aab\fr\-R'' 111) 



III = -R^'g'^f^Jfui 



i + \Dfr 



IV = -R^^g^^f^jf^ui = R^^{H\Df\^ + -^i"'-^" 



1 + |D/|2^' 



:,ll .11 fa f a , , _ r>ll fa l/l I 



■i + \Dfr 



1 



VI = -R{g''g^'f[;f^u, - g''g'^ ftjir^i) 
-'-RH- \^f\' 



2 i+\Dfr 

where H is the mean curvature of embedding (S, h) in W^. Putting these 
together, we obtain 

P''''mf>i = - R'''"'Aab\Df\^ + R'^H\Df\^ 



,ab. \Df\' 1^^ \DfY 



+ R^^Aab , ,o - -RH ' , ' ,, . (4.2) 

Since S is the level set of /, we can identify S with its graph. Thus (S, K) is 
also an isometric embedding in {M,g). Denote Aat the second fundamental 
form of the embedding (S,/i) ^-)- {M^,g). Then a direct calculation gives 
that 

Aab = Agb. (4.3) 

Vi + IWP 

Remark 4.1. From the above formula, we can see that if \Df\ = +oo on S, 
then S is area-minimizing horizon . In the next section, we will show that 
under the condition of Theorem [3l \Df\ = +oo on S. 

Denote Rm the Riemannian curvature of S. Then by the Gauss equation 
we obtain 



and also 



Thus 



Tjabcd j\acj\bd a ad Abe 

Tjabcd Tjabcd , ^ac ^bd ^ad '^bc 

-ryabcd \^ J I fyabcd /a a\ 
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Now we can write down 

oalal 

R = R gii + R"" Qab 
Plugging these terms into (|4.2p . we have 

fa 



P'"''mfk'^^ = -R^'^'AablDfl^ + R^'-^HlDfl^ 



+ {R"''"' + R''^''\l + \Df\^))Aab, '^-^'^ 



'1 + |D/|2 

1 iDfP 

-(2i?i"i"(l + \Df\') + i?--)F^^^ 

\ J I / Tjacbc A Tj r>abab\ 



{R^'^'^Aab - -HR"" 



1 + |D/|2^ ™ 2 



which completes the proof of Theorem [2j 

5. The proofs of Theorem [3] and Theorem [U 
Proof of Theorem O Since M extends to the boundary in a C^ fashion, the 



? 
condition of Theorem [3l the limit 



limit lim \Df\ exists (could be +C!o). In fact, we claim that under the 



hm |Z)/|2 = +00. (5.1) 

To prove this claim, we fix a point p G dVt. Suppose on the contrary that 
lim l-D/P < +00. At the point p, as in the last section, we can rotate the 

coordinates such that {e2, • • • , €„} forms the basis of the tangent space TpS. 

Now by composing an orthogonal transformation of M™' with / : R" \ — t- 
M™, we can assume that the straight line / = {(0;iei) e R''+'"|t G M} 
without loss of generality. Since the manifold M is tangent to the cylinder 
S X /, we know that {(0; ei), (62; 0), • • • , (e„; 0) G M"+'"} is a basis of TpM. 

On the other hand, recall that at any point where \Df\'^ < +00, i.e. f^ 
is finite, {di = (e^; /fee) G R"'+'^} is another basis of TpM. But these two 
bases of TpM can not be represented mutually, which is a contradiction. 
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Therefore, we prove the claim (15. ip . From this claim, Theorem [3] follows 
immediately. D 

Proof of Theorem [^ Assume each connected component S, of the boundary 
d^ is 3-convex and star-shaped, the Alexandrov-Fenchel ienquality [15j (see 
also [6]) gives that 

3c2(n) / i/sd^s, >j(^)^. (5.2) 

The equality holds if and only if Sj is a sphere. Recall that for nonnegative 
numbers oi, • • • , Ofc and < /3 < 1, we have the following algebraic inequality 
(see HZ]) 

i:af>(E«^)'- (5-3) 

If < /? < 1, the equality holds if and only if at most one of Oj is nonzero. 
Thus by summing (15. 2|) . we obtain that 

I, |S,-| .n^ 

n-l 



Js ^4 a;„_i 



1/ |S| ,11^ 
4 a;„_i 

Combining with Theorem [31 we get the Penrose inequality ()6.5p . Moreover, 
if the equality holds, we have that the second Gauss-Bonnet curvature L2 
vanishes on M and T, has only one connected component and is a sphere. D 

6. Positive mass theorem and Penrose inequality in 
Einstein-Gauss-Bonnet gravity 

In |13) . Ge-Wang-Wu obtained a positive mass theorem for asymptotically 
flat codimension one graph under the condition R + 0^2 > and a Penrose 
type inequality in the case a > 0, where q is a constant. In this section, we 
give a generalization of their result to arbitrary codimension graph. 

Let n > 4 and [M^ ,g) be an asymptotically flat manifold of decay order 
r > ^^^ and R + aL2 is integrable in {M,g). The Einstein-Gauss-Bonnet 
mass energy is defined by ([13j, see also [TOl [TT]) 

ruEGB = 7 TT lim / (Pi''^ + aPl^^^)digjkVidS. (6.1) 

[n - l)uJn-l -r^^ J Sr 

Ge-Wang-Wu [13] proved that ruEGB is well-defined and is a geometric in- 
variant on M. 



Theorem 13 (Positive mass theorem). Suppose {M^,g) is a graph of a 

2 



smooth asymptotically fiat map / : M" — )• R™ of order r > ^^^ . Then we 
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have 

If 1 

rriADM = rriEGB =7^7 T\ / (-^ + "-^2 + -R^ + aL2)—7=diJ.M, 

2(n - l)ujn-i Jm VG 

where R-^ = (i?^^(V/°), V/''') and L^ is expressed as in (I3.14p . In par- 
ticular, when M has flat normal bundle as a submanifold of 1^"+™- and 
R + aL2 > 0, we have 

rriADM > 0. (6.2) 

Proof. Since ^^ > -^^j under the condition r > ^^^, we have 

hm / Pi^^^dig^k^^idS = lim 0(r-2^+"-^) = 0. 

Thus r?T,yi£)Af = nfiEGB- From the proof of Proposition [71 one can also get 

d,{Pl'^'dig,u) = \R+\R^. (6.3) 

Therefore 

diiiPi^""' + aPt')digjk) = ^{R + aL2 + R^ + aL^). (6.4) 

The rest of the proof is similar as Theorem [H which we omit here. D 

Similarly as in section 4 and section 5, we can prove 

Theorem 14 (Penrose inequality). Let C M" be an open subset. Let 
f : M" \ ri — 7- M™ be a continuous map that is constant along each connected 
component of the boundary S = dO, and asymptotically flat in M" \ J7 0/ 
order t > ^^^. Assume that the graph M of f extends C"^ to its boundary 
dM . Assume further that along each connected component Sj of dM , the 
manifold M is tangent to the cylinder T, x li, where li is a straight line of 
W^. Then 

If 1 

mADM =7T7 T^^ I {R + 01L2 +R-^ + aL2)—^dfiM 

2{n - l)ujn-i Jm vG 

+ TTT T-. {H + 6aH3)dfi^, 

2(n - l)a;„_i J^ 

where H and H3, are mean curvature and the 3-th mean curvature of the 
embedding T, in M". Moreover, if M has nonnegative R + aL2 and flat 
normal bundle, each connected components of the boundary E = dfl is 3- 
convex and star-shaped, a > 0, then 

ruADM >-(^)^ + -(n - 2)(n - 3)(^)^. (6.5) 

Z iOn~l ^ Wn-1 
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